Does HM mechanism work in string theory? 
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Abstract: The correspondence principle offered a unique opportunity to test the 
Horowitz and Maldacena mechanism at correspondence point "the centre of mass 
energies around (M s /(g s ) 2 ) ".First by using Horowitz and Maldacena proposal, the 
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black hole final state for closed strings is studied and the entropy of these states is 
calculated. Then, to consider the closed string states, a copy of the original Hilbert 
space is constructed with a set of operators of creation/anihilation that have the 
same commutation properties as the original ones. The total Hilbert space is the 
tensor product of the two spaces-H^to ® Hie ft , where in this case Hi e j t / right denotes 
the physical quantum states space of the closed string .It is shown that closed string 
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states can be represented by a maximally entangled two-mode squeezed state of the 
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left and right spaces of closed string. Also, the entropy for these string states is 
calculated.lt is found that black hole entropy matches the closed string entropy at 
transition point. This means that our result is consistent with correspondence prin- 
ciple and thus HM mechanism in string theory works . Consequently the unitarity 
of the black hole in string theory can be reconciled. However Gottesman and Preskill 
point out that, in this scenario, departures from unitarity can arise due to inter- 
actions between the collapsing body and the infalling Hawking radiation inside the 
event horizon and information can be lost. By extending the Gottesman and Preskill 
method to string theory, the amount of information transformation from the mat- 
ter to the state of outgoing Hagedorn radiation for closed strings is obtained.lt is 
observed that information is lost for closed strings. 
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I. INTRODUCTION 

Recently Horowitz and Maldacena have suggested a mechanism to reconcile the unitarity 
of black hole evaporation In this proposal, there were three different Hilbert spaces that 
belong to degrees of freedom of matter, incoming, and outgoing radiation. The total state of 
a black hole is a direct product of matter state and the entangled states of the states inside 
and outside of the event horizon. When a black hole begins to evaporate, the matter state 
will be in a maximally entangled state with incoming Hawking radiation. To describe the 
unknown effects of quantum gravity, an additional unitary transformation S is introduced. 
The outside state of a black hole is easily obtained by projecting this entangled state on the 
total state of the black hole (HM mechanism) [1]. The question arises is that if there is a 
possibility for testing HM mechanism in string theory. Using the correspondence principle 
we can examine this idea at transition point. 

The correspondence principle in string theory has provided us with a convincing picture 
of the evolution of a black hole at the last stages of its evaporation |2j. As the black hole 
shrinks, it eventually reaches the correspondence point at the centre of mass energies around 
(M s /(g s ) 2 ), and makes a transition to a configuration dominated by a highly excited long 
string (string ball). Here g s and M s are the string coupling and string mass respectively. 
At this point, the production cross section , entropy and other properties of string balls will 
match the production cross section , entropy and other properties of black holes {2 -J5]. We 
can obtain the final state of black hole by using HM proposal and derive the entropy for this 
black hole. Then we will compare this entropy with string ball entropy at correspondence 
point. If these entropies are the same ,HM mechanism works and the unitarity of the black 
hole can be reconciled. However Gottesman and Preskill point out that, in this scenario, 
departures from unitarity can arise due to interactions between the collapsing body and the 
infalling Hawking radiation inside the event horizon. The amount of information loss when 
a black hole evaporates depends on the extent to which these interactions are entangling^. 

The important question is that if string model is sufficient to solve the information- 



loss problem. Using the Gottesman and Preskill method {5 1, we calculate the information 
transformation from the matter to the state of outgoing Hawking radiation for closed strings. 
If information transformation is complete ,we can solve the information loss paradox in string 
theory. 
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The outline of the paper is as the following. In section [TT] we obtain the entangled states 
on outside and inside Hilbert spaces of black hole for closed strings .Then we study the 
entangled states on inside and matter Hilbert spaces of the black hole for strings in section 
II III . Next we obtain the final state of black hole for closed strings in section HVl We compare 
the entropy carried out by closed strings with string ball entropy at transition point in 
section |V] Finally we calculate the information transformation from collapsing matter to 
outside of black hole in section |VT] .We summarize our results in section IVIII 



II. THE BLACK HOLE STATES FOR CLOSED STRING 

In this section we discuss the evaporation of Schwarzschild black holes into closed strings 
and show that the ground state for these strings is a maximally entangled state on outside 
and inside Hilbert spaces of black holes . 

First let us consider a bosonic closed string in flat space time and then extend it to this 
space time. A closed string moving in a d dimensional flat space-time is described by d 
two-dimensional fields x tl (a, r), /i = 0,1, ...,d — lwith < a < 2n and can be expand in 
modes asjf]]: 

X" = x% + V^p^r + i^f&JzY^ ( —^(ale ma + <e- imj ) (1) 

where l s = y/2d = y=^is the fundamental string length and T is string tension. The center 
of mass coordinate is Xq and string momentum is p^ . The commutation relations satisfied 
by the various operators are: [7] 

K, <] = rn5 m +n,o9^ ', [<, <] = m5 m+nfi g^ ', [a£, <] = (2) 

where g^ u is the metric in d dimensional space-time. 

Now we consider excited closed string fields in black hole space-time .The stationary four 
dimensional Schwarzschild black hole with regarding internal space is represented by the 



metric 



is 



^ = _ (i _ ^£ } ^2 + (1 _ '^H ) -l dr 2 + r 2 dn 2 + g . jdx i dx j ( 3) 

where Mbh is the mass of black hole .At r = 2Mbh ; the Schwarzschild black hole has 
an event horizon . Here, we assume a direct product structure with an internal space 
parameterized by x l , which has the metric which can be taken to be flat. 
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In the black hole space-time ,the physical degrees of freedom dynamics for bosonic closed 
strings is governed by the equation: 

^) l ' 2 ^{-9) 1/2 ^ = 0,i = 1, .... d - 1 (4) 

for the transversal coordinates of black hole observers, which is also valid for inertial coor- 
dinates. In Kruskal coordinates the metric of black hole becomes I 



ds 2 = —2M BB dudv + r 2 dil 2 + g i jdx l dx : ' 

u = -4M BH e- u/AMBH ,v = -4M BH e- v/4MBH 
u = t-r*,v = t + r*,r* = -r - 2M BH In |r - 2M BH \ (5) 

Since the Killing vector in Kruskal coordinate is given byj| on past horizon "if - " , the 
positive frequency normal mode solution in Kruskal coordinate is approximated by : 

X* oc e~ iEsU (6) 

where E s is the string mass and i=l,..d-l is the free index that is related to ith component 



of string. Using this fact that v = on past horizon "H " 
positive frequency normal mode on past horizon: 



9] we can estimate the original 



X 1 oc e ~ iEsU = ( \-i4M BH E s = r ( am bh ^ {regionl) 

AM BH (^ T n_)-^M BH E S (r egionII ) 

where E s is the energy of string. In Eq.flT]), we can use the fact that (— \^- liM BHE s _ e iM BH E 8 _ 
Using equation ([7]) we observe that the string states in the horizon satisfy the following 
condition jfj]: 



( x Lt - tw ^- r E a xi n )\w)\ nt ^ out = o 

tanhrx =e~ AMBllE ° (8) 

which actually constitutes a boundary state. In fact, we can view Hawking radiation as the 
pair creation of a positive energy string that goes to infinity and a negative energy string 
that falls into the black hole. The pair is created in a particular entangled state. So the 
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Unruh state can be viewed as an entangled thermal state. Using the expansion in modes for 
closed strings (equation [I]) we may write: 



I < i ;,_„„, - tanh r BsiA aJ iin ) |BH,n)* n(g)out = Ofor n ^ (9) 



( a n,out - tanhr i? 3 ,-Aai„)|BH,n)^ ( ^ ou< = Ofor n ^ (10) 

tanhrx iA = e- 4Ms ^- 2i " A (11) 

(4,out - 4,i«)|BH,0){ n(g>otrt = Ofor n = (12) 

where we have defined the respective string coordinates up to a shift :a out = <7j n + A[f| Q. 
Now, we assume that the Kruskal vacuum |BH)* ri( g )ou4 is related to the flat vacuum |0) s by 

I B H) i„® 0^ = Fi(al ljmt ,a^ i jF 2 (a l n7OUt ,a^ in )\0) s (13) 

where F\ and F 2 are some functions of closed string creation-annihilation operators to be 
determined later. These operators act on black hole vacuum and form string modes inside 
and outside of event horizon. It is clear that when the string does not intersect the horizon, 
the F transformations are trivial. 

From Jo! t , a£ iOU i] = l,we obtain [< t , (a^ out ) m ] = -^4—(a% >out ) m and[a n t , F) = 
— | — F [HI]. Then using Eqs. (j2j)and (TTOl) . we get the following differential equations for F\ 
and F 2 . 

OF 

'.—fT tanhr Es)X a ] l in F) =0 (14) 



l n,out 

OF, 



, g _ ti - tanhr Es ,-\a J nM F) = (15) 



t n,out 



The solution is given by 

F 1 = e tCLnhr Es , A out a n,in^F 2 = e tanhr E s , - A «^o«t«n,in (16) 

By substituting Eq.( !T6|) into Eq. ({TBI and by properly normalizing the state vector, we get 



^ tanh m r Eat xtanh m r Ea -\\n, m, rh) in ® \n,m,m) out (17) 



1 



coshr Esi \ coshr E 



where |n, m, m)j n and |n, m, m) ou t are orthonormal bases (normal mode solutions) for mode 
n that act on and i? ut respectively . N E H,n is the normalization constant. The total 
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ground state for black hole can be derived as: 

m)l®out = II —k E tanh nm r Es)X tanh nm r Es ,„ x ® 

w - LJ - cosh n r E , \COsh n r Ea -x _ 

\n,m,m) in ® \n,m,m) out (18) 

Eq. ( 118)) states that the black hole state decomposes to many entangled states with different 
energies for closed string . On the other hand, this equation indicates that non-local physics 
would be required to transmit the string information outside the black hole, and that inside 
and outside the Hilbert spaces are dependent. 



III. THE EVAPORATION OF BLACK HOLE TO CLOSED STRINGS 



Previously it has been investigated that the field inside the event horizon can be decom- 
posed into the collapsing matter field and that the advanced wave incoming from infinity has 
the same form as the Hawking radiation (9), l^jj.We extend these calculations to string theory 
for closed strings .We introduce the advanced collapsing shell metric J9] in d dimensions at 
correspondence point as: 

-dr 2 + dr 2 + r 2 dVt 2 + q ii dx i dx j r < R(r) 

ds 2 = { yj 1 ^ (19) 

_(1 _ ™ML)dt 2 + (1 - M£BH)-irf r 2 + r 2 dD 2 + g . idx i dx j r > R (f) 

The shell radius R{t) is defined byfl: 

R(r) = { 



R f < 
Rq-vt f > 

where f is the proper time. The advanced coordinates has been defined as 

V = r + r - R ,U = t - r + R 



13|: 



(20) 



(21) 



Now we consider the closed string modes inside the black hole (on future horizon" H +v ), 
which is given by 9] : 

vV 



X 



f {J K {l-v){Ra-2M BH )> 
vV \-i4M BH E, 



i±M BH E 3 y > (l-^)(«o-2A/ BH ) matter waye f unction 
V _ (22) 

* V < u ^ Ro 2Mgg ) inside wave function 



(l-v)(Ro-2M BH ) 

Using Eq. fl22|) we observe that the string states in the horizon satisfy the following condition: 



(^matter ~ taIin r E s X % in ) \ BH) \ n q Qut — 



tanh r Es 



-4M BH E S 



(23) 
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which actually constitutes a boundary state. Using the expansion in modes for closed strings 
(equation f )23|) ) we write: 



matter ~ ^ h r E s ^nAn)\ BB -^)ln56 out = Ofor n ^ (24) 



la 



n,matter 



tanhr i?si _ A aJ in )|BH,n)^ (8)0 ^ = Ofor n ^ (25) 



tanhrx, A = e- 4Ms ^- 2i " A (26) 

Kmatter ~ 4,J\^fi)tn 9 aut = Ofor n = (27) 
The solution of equations ( 124"1) and ( 1251 ) may be expressed as: 



1 



|RHn\' — /Vdu- p' anftr S S ,A«l 1 , ma tt e r a l^n P tanftr B S ,-AaiVait e r a n,in|n\ 

\ Drl i 11 / matter® in ~ iv -B#,n e e | u /s 

^ tanh m r E ^ x tanh m r Es _ x \n, m, m) matter ® \n, m, m) in (28) 



coshrE s ,x coshtE, 



To obtain the total ground state inside the black hole ,we multiply the entangled states for 
different modes of closed string: 

iBH)^ ter0m = n — i — -i — Y, tanhnmr ^ tanhn ^ r ^ ® 

^ ■ L - L cosn n r E \cosn n r Es _x^-^ 

n ' ' m,m 

\n, m, rh) matter ® |n, m, m) in (29) 

This equation shows that matter and inside states of closed strings in evaporating black 
holes are entangled .This entanglement decreases for massive black holes and high energy 
strings. 

IV. THE BLACK HOLE FINAL STATE FOR CLOSED STRINGS 

Now we extend the Horowitz and Maldacena mechanism to closed strings. As mentioned 
above , before black hole evaporation, there is an entanglement between the inside and outside 
of the horizon, but matter itself is not entangled. 

|BH) matter in out = |BH) matter <S> |BH)j n( g, out (30) 

After evaporation, we can describe the state of the black hole as an entangled state of both 
matter and the inside of the black hole: 



matter®in 



BH\ = matter ® in (BH\(S <S> I) (31) 
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To describe the unknown effects of quantum gravity, an additional unitary transformation 
S is introduced , [l^.The outside state of black hole can be described as: 



l BH )o«t =matter®in ( BH \{S ® J)|BH) 



matter DO in DO out 



II Y, tanh2nmr ^ tanh2nThr ^ ® 

- LJ - cosn zn rE a cosh te -a 

matter (n,m,m|S'| J Bf/') maiter <g> \n,m,m) out (32) 

Until now, we have shown that the internal stationary state of the black hole for closed 
strings can be represented by a maximally entangled two-mode squeezed state of collapsing 
matter and infalling string radiation. The outgoing string radiation is obtained by the 
final state projection on the total wave function, which looks like a quantum teleportation 
process without the classical information transmitted. The black hole evaporation process 
as observed by the observer outside the event horizon is a unitary process but non-locality is 
required to transmit the string outside the event horizon. The uniqueness of the final state 
for closed strings seems to prevent any information from getting stuck there, so that all of the 
string information encoded in the initial collapsing black hole can appear in the outgoing 
string radiation. However Gottesman and PresKill believe that interactions between the 
incoming Hawking radiation and the collapsing matter can spoil the unitary nature of the 



jlack-hole evaporation {5], 

3- 



destroying some or all of the quantum information inside the hole 



V. HM MECHANISM AT CORRESPONDENCE POINT 

After the first emission, the mass of the black hole is reduced to Mbh — E s due to energy 
conservation .Consequently after n emissions the mass of black hole is reduced to Mbh — nE s 
.According to the string theory of quantum gravity, the minimum mass above which a black 
hole can be treated general relativistically is {2], Il5| : 

M min ~ (33) 
9 s 

The properties of a black hole with mass M min matches those of a string ball with the same 
mass. This is called the correspondence principle and the mass at which this happens is the 
correspondence point (2 - 4 ] . At this point that black hole makes a transition to a string, it 



can become a single string, multiple string, or radiation|2]. At this point , the entropy of 
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black hole and excited string should be the same|16j. At this stage we intend to work with 
entropy, to compare final states in black holes as well as in string balls at corresponding 
point. First we write down the density matrices p for the closed strings, using the direct 
product of \BH) out and out (BH\ . This gives the density matrices for closed strings : 

p=\BH) out (BH\ = 

yr 1 1 

J- J- cosher E X cosh 4n r E A 

n ' ' 

£ e -^M BH nmE Se -W^M BH nmE s ^ ^ ffl) out (n, m, ffl\ (34) 
m,fh 

We calculate the entropy S of the quantum states using the prescription of von Neumann 
171 ]. which makes direct use of the density matrix p . It is simply written as: 

S = -Tr(p In p) (35) 

where the trace Tr is taken over the quantum states. We now apply these definitions to 
the entropy for the closed strings. After some mathematical manipulations for high energy 
strings, we obtain: 

Sbh — ~/ j sinh 2 r Es ,\ In sinh 2 r Es ,\ - ^ sinh 2 r Es -x In sinh 2 r Es - X (36) 

n=l n=l 

e -4nM BH E s -2n\ e ~^~ 2inX 

smh r Es ^ = - AnMBnEs _ 2inX = ~ _E^„ 2inX ( 37 ) 
10 1 — e BH 

ForA = the black hole entropy can be written as: 

Sbh = —2 sinh 2 r Es In sinh 2 r Es (38) 

71=1 



where the Hawking temperature is given by[18l|: 

To consider the closed string states, a copy of the original Hilbert space may be constructed 
with a set of operators of creation/anihilation that have the same commutation properties 
as the original ones. The total Hilbert space is the tensor product of the two spaces H rig h t 
,H[ e f t , where in this case Hi e f t / right denotes the physical quantum states space of the closed 
string .The left hand of string affects the right hand of string by entanglement js, [lojj.Thus, 
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in agreement with Refs. we may write the Bogoliubov transformation between the 

Minkowski and string creation and annihilation operators : 

[coshrT sb OL % n — sinhrT sb d%) | closed string,n) = (40) 

(coshrT sb OL % n — sinhrT sb o^) | closed string,n) = (41) 

-E s 

tanhr Tsb = e T ^ (42) 



The Hagedorn temperature of an excited string matches the Hawking temperature of a black 
hole at the correspondence point. The Hagedorn temperature is given by {2- 4]: 

(43) 

V o7T 

We can rewrite equations ( l4"0]) andfj4Tl )as the following: 

Q 

(coshr Tsb — it- — sinhrT Bh Q!n) (closed string,n) = (44) 
dak 1 

d_ 

'da 

The solution of these equations is given by: 



coshrT sb _ +i — sinhrT ab oi!£) (closed string,n) = (45) 



^ 00 

(closed string,n) = — } tanh m+m tt Am) <g> \fh) (46) 

cosh z r T h ^-^ „ 

±sb m,m=0 

Thus we can calculate the total ground state for closed strings as : 

(closed string) = closed string,n) (47) 

n 

The closed string entropy can be calculated as : 

Ssb = ~ a n a n ln sinh 2 r Tsb - ^ a l n a n ] In cosh 2 r Tsb 

n=l n=l 

- ®n®n ln sinh 2 r Tsb - ^ ln cosh 2 r Tsb (48) 



n=l n=l 

where 

,2 



sin/i r Tsb = ^ (49) 

1 — e T »b 

By setting T$b = Th ,for high energy strings, the entropy operator is obtained as : 
Ssb = - Y a n a ™ ln sinh2r E s ,\=o ~ Y a n a n ln cosh2r Es,\=o 

n=l n=l 

- OL^a % n In sinh 2 r Es ,x=o - «n«n l n cosh 2 r Es ,\=o (50) 



n=l n=l 
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To obtain the expectation value of closed excited string entropy, we calculate the expectation 
value of annihilation/creation operators of closed strings: 

{closedstring, n\a l nCi n \closedstring , n) = 
{closedstring^n\a l ^a l n \closedstring^n) = sinh 2 r Es (51) 

Now we can obtain the expectation value of string entropy as following: 

{Sab) = -2 2J sinh 2 r Es \n(sinh 2 r Es ) = S B h (52) 

n=l 

This entropy is approximately equal to the black hole entropy with the same mass. 

The correspondence principle offered a unique opportunity to test the Horowitz and 
Maldacena mechanism by calculating the black hole entropy at corresponding point and 
comparing it with the string ball entropy. We calculated the final outside state of black hole 
by applying Horowitz and Maldacena idea and obtained the entropy that carried out by these 
states. We found that this entropy matches the string ball entropy at corresponding point. 
This means that our result is consistent with correspondence principle and thus Horowitz 
and Maldacena mechanism works. 



VI. INFORMATION LOSS FOR CLOSED STRING IN BLACK HOLES 

The information loss in a black hole has been a serious challenge to modern physics, be- 
cause it contradicts the basic principles of quantum mechanics. This argument predicts that 
a process of black hole formation and evaporation is not unitary. Gottesman and Preskill 
explained how interactions between the collapsing body and infalling Hawking radiation in- 
side the event horizon could cause a loss of information. Gottesman and Preskill introduce a 
unitary transformation U to describe interactions between matter and the inside of the hori- 
zon [5]. In their fanciful language, the transformation U can be interpreted as an interaction 
between the informations past and future. They obtained the amount of this information 
loss for particles p]. Using their method we calculate the information transformation from 
collapsing matter to outside of black hole as: 



-^closed string matter^in {BH\BH^j 



int&out 



II —^n «jr J2 tanh2nmr ^ tanh2nmr ^ 

±J - cosh zn r E \ cosh in r E _\ ' 

n ' ' m,m 



matter 



[m, m, n\i n {m, m,n\S <S> U\m, m, n) in \m, m, n) out (53) 
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f _ IT |2 _ TT j 1 

J | - 1 closed string | I I 



cosh 4n r Ea x cosh 4n rE a 



E 



^-8nnM BH u n (m+rh) ^-8nnAl BH u n (m+rh) 



m,m,m,m 



out(m, rh, n\ in (rh, rh, n\ matt er (m, m, n\ in {m, m, n|S'S' t 
UU ] \m, rh, n) in \m, rh, n) out \rh, rh, n) in \rh, rh, n) matteT 

' ' 1 e -l6TrnM B H E s m -16wnM B H E s m 



\\\ t t \y 

- L - L cosh 4n rE s x cosh 4n r e s -a - 



TT, 1 + e - 167TMBHEs - 2e- 8nMBHEs cos 2n\ 2n 

11( i _ e -w,M BH E a ) ( 54 ) 

n 

SS j = I, UU ] = I (55) 

If information transformation from the collapsing matter to the state of outgoing Hawking 
radiation is complete, then the value of f should be one 5), Thus, we observed that due 
to the deviation of the f from unity, some of information is lost. It seems that for all finite 
values of E s , the value of f is not unity and so all information from all string emission 
processes experiences some degree of loss. 

The purpose of these calculations is to examine the robustness of the escape of closed 
strings during black hole evaporation in final state projection models. In particular, we 
show that due to interactions between the matter and incoming Hawking radiation, all closed 
strings couldnt escape from the hole. Of strings that escape from the hole, low energy strings 
are lost, regardless of the number of strings in the hole to begin with. More precisely, the 
states of the strings that formed the hole are preserved under black hole evaporation with 
/ ~ lfor high energy strings and with f — for low energy strings. These are the fidelity of 
escape of the string states of the collapsing matter: individual strings escape with a fidelity 
that approaches one as the energy of string in the hole becomes large. Since the fidelity 
is above the threshold for the use of quantum-error correcting codes, properly high energy 
strings can escape from the hole with fidelity arbitrarily close to 1. 

VII. SUMMARY AND DISCUSSION 



In this manuscript, we discuss the information loss in Schwarzschild black holes for closed 
strings. We calculate the amount of information transformation from collapsing matter to 
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outside of black hole by extending the Gottesman and Preskil method to string theory .We 
also test the HM mechanism at correspondence point. Using this idea we obtain the final 
state of black hole and calculate the entropy of these states. Then we compare this entropy 
with string ball entropy and observe that these entropies are the same at transition point 
and thus HM proposal works. 
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